Exercisesfora Friendly Guideto
MathematicalMethodsof Physics

Infe J:=

Outfs =

Infe J:=

$PrePrint = TraditionalForm

TraditionalForm

Clear["Global ="]

Complex Numbers

Infe J:=

Outfs J=

Infe J:=

Outfs J=

Infe J:=

Outfs =

1. Compute the following powers of the imaginary unit:

i125, i34, —, l-—lS

This can be easily done evaluating the following cell (the imaginary unit can be entered as : iiz)
wherein the elements of a list are inserted in curly braces:
1
{ilzs , 434 , —, ]-1-15}
is
{i, =1, —i, i)
The powers of the imaginary unit cycle through the sequence of i, -1, —i, 1. Using FullSimplify
(Mathematica 3.0), with the assumption that n belongs to Z
Table[i” (4n+k), {k, 8, 3}] // FullSimplify[#, n € Integers] &
{1, E.a _1, _E}

so, if nis any integer, we have
l-n - in mod 4

where mod represents the modulo operation. Using the built-in commands Mod (Mathematica 1.0)

and FullSimplify, we may verify the above equality

FullSimplify[iAn ==1iAMod[n, 4], n € Integers]

True

the built-in command Equal (==) obviously returns True if the lefthand side is equal to the righthand
side.

2. Simplify the following expressions writing the result as a complex number in the form a + ib:

2 - JZ

a) (2 +31) [
1+2i
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2-1 \?
1= (2 + 3 1)
1+21

Out[+ |= -2-3i

Infe J:=

8
Outfe]= — — —
5

1+

V3 -i

If we simply input

c)

1l+1

A3 -1

1+
A3 —i

Mathematica returns the cell unevaluated. If we want the result as a complex number in the algebraic

In[+ J:=

outfs J=

form we may apply ComplexExpand

l1+1

Inf+ ]:= // ComplexExpand

3. Find the real and imaginary part of the following complex numbers:
a)a+ib

Let’s apply the built-in function Relm which returns a list whose elements are the
real part and the imaginary part, respectively. In the first case, to assume that a and b are real num-
bers it is necessary to apply ComplexExpand

in-j= ReIm[a+1b] // ComplexExpand

our - {a, b}
i 1
1-i2+3i
i 1
Inf+ J:= ReIm[ ]
l1-1 2+31
1 5
outf- J= {—,—}
26 26

or in postfix notation



i

Infe J:= // ReIm

1-1 2+31
1 5
outf- J= {2_62_6}

This is equivalent to evaluate the following cell:

i 1 i 1
n- = {Re Im
{ [1-:1 2+3i]’ [1-:1 2+31'1]}
1 5
Outfs ]= {—, —}
26 26
4, letz=x+1iy.Express the given quantity in terms of xand y.
1 1
a)Re | — |, Im|—
Z z
to assume that x and y are real numbers it is necessary to apply ComplexExpand:
Inf- J:= ReIm[ ] // ComplexExpand
X+1y
X y
outf+ J= { )= }

)C2 +y2 X2 +y2
b) Im(2z+47 -41)
The complex conjugate is obtained with Conjugate (or m*):

mn-p= Im[2Zz+42z*-41] // ComplexExpand
oupj-= 2y—4

c) Im(z2 + z*z)

n1- Im[z* + Conjugate[z]?] // ComplexExpand

out- 1= 0

5. Find the modulus and argument of each of the following complex numbers:

2i
3-4i

a)

Let’s use the command AbsArg

21

Inf J:= AbSAI‘g[ a3 ]
-41

Outfs J= {z LT - tan‘l(z )}

1-2i 2-i
+_
1+i 1-i

Notebook to insert.nb | 3



4 | Notebook to insert.nb

1-231 2-1i
+
l+1 1-1

Infe J:= AbsAr‘g[

]

T

outf- J= {\/5,—:‘}

ca+ib
Assuming that a and b are real numbers

in- - ComplexExpand[AbsArg[a+ib], TargetFunctions » {Re, Im}]

Outfs = {\/ a* +b*, tan (a, b)}

or in postfix notation (note the use of a pure function)

- AbsArg[a+ i b] // ComplexExpand[#, TargetFunctions -» {Re, Im}] &

outf+ J= {\/ a* +b*, tan"(a, b)}

6. Obtain an Argand diagram for the following complex numbers:
2 2
1-+/3i; 2i; \F+ \Fi; A3 i

2
There are various ways to plot complex numbers in the Wessel-Argand-Gauss plane. For example, one
can use the command ComplexListPlot

YERE

+

- pts = {1- A3 1,21,

1+i

\/_,— 3—&}

2

i, -«/3-:1}
outfs = {l—i\/§,2i,

in- 1= ComplexListPlot[pts, Axes » True, AxesLabel » {"Re(z)", "Im(z)"},
PlotStyle -» {Red, PointSize[Large]}, AspectRatio - 1, GridLines - Automatic];

Among the many options, one can label the points with Callout
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- ComplexListPlot[Callout[#, #] & /@ pts, Axes » True, AxesLabel » {"Re(z)", "Im(z)"},
PlotStyle -» {Red, PointSize[Large]}, AspectRatio - 1, GridLines - Automatic,
AxesStyle -» Directive[Black, Arrowheads[{0.0, 0.03}]11]

Im(z)

2i 7|
1+ 1+i
L ° \/E
outf- J= L
T T T T T B . Re(z)
-15 -1.0 -0.5 0.5 1.0
-3 -i I
[ J -1~
L 1-i y3
L (]

alternatively with Directive

n-1- ComplexListPlot[Callout[#, #] & /@ pts, Axes » True, AxesLabel » {"Re(z)", "Im(z)"},
PlotStyle » Directive[Orange, AbsolutePointSize[6]], AspectRatio- 1,
GridLines -» Automatic, AxesStyle -» Directive[Black, Arrowheads[{0.0, 0.03}]1]]

1

Outfs J=

P P P P Ll i Re(z)

-N3-i

H 1-i 3

It is possible to visualize the points with a mesh in polar coordinates:
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in-- ComplexListPlot[Callout[#, #] & /@pts,
PolarGridLines » {Table[ (x/12) k, {k, 0, 24}], Table[k, {k, 1, 20}]},
PolarAxes -» True, AxesLabel » {"Re(z)", "Im(z)"},
PlotStyle -» {Red, PointSize[Large]}]

7 “ﬂ_-(z) 5

12

12

T T T T T

_&.,,_,,,
)

LI

17 7T E 197

12 12

it is possible to show the Cartesian form of the points

n1- newpoints = Table[e*?>™ 8, (k, 0, 7}]

in 3in 3in in

outf+ J= {1,@4,n’,e4 ,—1,e 4 ,—i,f_4}
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= ComplexListPlot[Callout[#, ComplexExpand[#]] & /@ newpoints,
PolarGridLines » {Table[ (x/12) k, {k, 0, 24}], Table[k, {k, 1, 20}]},
PolarAxes - True,
AxesLabel » {"Re(z)", "Im(z)"},
PlotStyle - Directive[Orange, AbsolutePointSize[6]],
AxesStyle -» Directive[Black, Arrowheads[{0.0, 0.03}]1]1]

7 Ini(z) 55

12 i 12

Outfs =

12 - 12

7. Given the complex numbersz=a+ibandw=c+id calculate:
a)z+w,b)z-w
Clear [z, w]

= z=a+1bj

W=C+]'l.d;

1= {z+w, z-w} // ComplexExpand
ouf-l= la+ib+d)y+c,a+i(b-d)-c)

c)zw

n-1= zw // ComplexExpand
ouf-J= i(ad+bcy+ac-bd

d) z/w
z
= — // ComplexExpand
w
bc ad ac bd
outf+]= I - + +
A+d> A+ d? A+d> A+ d?

e)l/z
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1
n-1= — // ComplexExpand
z
a ib

A+ P+ b?

Out[+ |=

f)z
in-= Conjugate([z] // ComplexExpand
ouf-]- a—ib
g) Izl
1= Abs[z] // ComplexExpand
ouf-]= N a* + b?
h) Arg(z)

n-j1= Arg[z] // ComplexExpand[#, TargetFunctions -» {Re, Im}] &

ou- - tan”Ya, b)

8. Compute the indicated powers:

a) (1-9)"

nf-1= (1 -14) 10

Out[+ |= -32i
b) (-1+i \3)°
writing simply

Infe J:= (—1+J'1 '\/3)4
Outf- J= (—1 +1 \/5)4

the power is left unevaluated. To obtain the value, one can try Expand
RootReduce or FullSimplify

Inf+ J:= (—1 +1 '\/3)4 // Expand
outf-]= -8 + 81 \/g
7T [ TT\q12
) [cos (—) +1isin (—)]
8 8
this time Expand doesn’t help:
7T T 12
Inf J:= (Cos[—] +:'1$-in[—]) // Expand
8 8

Ve w /4 w Ve T Ve T
outf- J- sinlz(—) + cos'z(—) +12i sin(— ) cos“(—) - 66 sinz(— ] coslo(—) -220 sin3(—) cosg(—) +
8 8 8 8 8 8 8 8

bis P s bis P s P s bis P s P g
495 sin4(—) cosg(—] +792i sins(—) cos7(—] - 924 sin6(— ) 0056(—) -792i sin7(— ) cos5(—
8 8 8 8 8 8 8 8
bis Pis bis s bis s bis s
495 sins(—) cos‘{—] +2201i sing(—) cos3(—] - 66 sinlo(— ) cosz(—) —12isin'! (—) cos(—]
8 8 8 8 8 8 8 8
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so let’s try RootReduce:

Infe J:= (Cos[J—ST] +1 S-in[:—;])lz // RootReduce

out[-]= —i
d) i2i
We have a complex power z* with base and exponent given by complex numbers. This function is in

general multiple-valued. Mathematica computes the principal value of a complex power. In order to
obtain said principal value we have to evaluate the following cell:

- 22 7/ ComplexExpand

outf-]= e "

e) (4i)*
- (41) Y /7 ComplexExpand
our- - —4 e sin(log(4)) + 4 i e cos(log(4))
9. Verify that z = -1 + 2 satisfies the following equation: 22 +z> +3z-5=0

Let’s define a variable called pol for the first hand of the equation using the command
Set (=)

mo1- pol=-5+32z+2%+2°
our - 2 +72+32-5
then use ReplaceAll(/.) to evaluate the polynomial in the given points
m-j= pol /o z»{-1-214, -1+21}
ou- 1= {0, 0}
Alternatively one can solve the equation with Solve
n- Solve[-5+3z+2?+2° =0, z]

ouf = fz->-1-28,{z->-1+24d,{z->1}}

- -5+3z+22+2% =0/.%// Simplify
out- = {True, True, True}
10. Solve simbolically the following equations:
a)2z=i(2+91i)
n- 1= Clear[z]

n-1= Solve[2z =14 (2+91), z] // Flatten
9

Outfs ]= {z - - 4+ i}
2

b)z-27+7-6i=0

n-1= Solve[z-2z*+T7-61 =0, z] // Flatten
ouf- = {z-T+21i)



10 | Notebook to insert.nb

C) |z|-z=2+i
mn-1= Solve[Abs[z] -z =2+1, z, Complexes]
out-}= {}
in this case Solve is unable to return a solution, so let’s use Reduce

n- 1= Reduce[Abs[z] -z =2 +1, z]
3

Out[ = Z=—— —1
4

df-2-2=0
Infe Ji= Solve[z6 -z%-2=0, z]
our = flz= =1, e =2}, {z > V=1}, e D7) fz - V2 2 <D 2))
if the solutions are to be expressed with complex numbers in the cartesian form one may try

n - Solve[z®-2®-2 =0, z] // ComplexExpand // Flatten

1 i3 1 i3 1 i3 1 i3

outf- J= {z—>—1,z—>——— L1 — + A e 2o N2, 25— + }
22/3 22/3 2 2 2 2 22/3 22/3

it’s possible to have a list of values of the solutions with SolveValues

n - SolveValues[z® - z>-2 =@, z] // ComplexExpand

i3 1 i3 1 i3 1 i3
outfs = {—1,——— L=+ L= = ,\/5,__4. }
22/3 22/3 2 2 2 2 22/3 22/3

to obtain the solutions in polar form one can use PowerExpand

n - Solve[z®-2®-2 =0, z] // Flatten // PowerExpand[#, Assumptions » True] &
in 2inm 2im
ou- J- {z—»—l,z—>—\/3—2,z—>«33,z—>—e7,z—> V2, z- \3/5427}

in this case also it’s possible to have only a list of the values

Infe Jo= SolveValues[z6 -z*-2=0, z] // PowerExpand[#, Assumptions - True] &
in 2in 2in
outf- J= {—1, —=2,e7,-e 3, \35, \3/5 @7}

e)e=2i
This exponential equation has infinite solutions expressed as a conditional expression:
n - Solve[e® =214, z, Complexes] // Flatten
i
Outf+ J= {z—> 2incy +log2) + — cleZ}
2
In order to select some solutions, e.g. for c; =0, 1, 2, one may try

n- % /. C[1] » {0, 1, 2}

in Sin 9in
Outfs = {z - {log(2) + ; , log(2) + 7 , log(2) + 7}}
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fysinz=2
To solve this trigonometric equation let’s solve the following equivalent equation:

iz -1z
-e

e
Infe J:= So'LveVa'Lues[ =2, z, Complexes] // ComplexExpand

21

T T
outf- J= {—2nc1+ilog(2+ \/§)+5 if crez, —2nc1+ilog(2—\/§)+5 if clel}

let’s find the two solutions for ¢c; =0

=% /« C[1] » 0

T Ve
outf- J= {5 +ilog(2 + \/g), 5 +ilog(2 - \/5)}
and a numerical approximation with N
7= N[%]

our = {1.5708 + 1.31696 i, 1.5708 — 1.31696 i}

11. Sketch the following sets in the complex plane:
a){zeC:|z-(1+0)| =2};b){zeC: | z-(1+i)| £2}

in the first case (circumference) the right command is ComplexContourPlot
while in the second case (circle) the right command is ComplexRegionPlot

n-}= a = ComplexContourPlot[Abs[z- (1+1)] =2, {z, 3}, Axes » True,
Frame -» False, AxesLabel -» {"Re(z)", "Im(z)"}, AspectRatio - Automatic];

1= b = ComplexRegionPlot[Abs[z- (1+14)] <2, {z, 3}, Axes -» True,
Frame » False, AxesLabel » {"Re(z)", "Im(z)"}, AspectRatio -» Automatic];

In order to show the two plots together one may use GraphicsRow

n-1- GraphicsRow[{a, b}, ImageSize -» Medium]

Out[+ |=
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in--= ComplexRegionPlot[Abs[Im[z]] < Abs[Re[z]], {z, 1}, Axes - True,
Frame -» False, AxesLabel - {"Re(z)", "Im(z)"}, PlotStyle -» LightYellow,
BoundaryStyle - Dashed, AxesStyle -» Directive[Black, Arrowheads[{0.0, 0.03}]]]

Im(z)
'S A ”
1 ’
A ’ 1
1 A ' ’ 1
1 N ’
A L 1
1 N ” 1
[ A
. 1
1 N r .
. ' 1
1 . . "
1 N r ’
A 1
1 N 2 1
1 . 0.5+ ¥
1 N 4 1
A L P 1
1 A
“ ’ 1
1 “ ’
L 1
1 N .
’ 1
1 N ’
. L 1
1 . .
’ 1
1 .
L S 1
ouf-l= et ]
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 L3 Re(z)
1 A
i -0.5 L 05 1
(SN 1
1 ’
. ~ 1
1 ’ A
L 1
1 P .
. A 1
1 ¢ L A 1
1 ’ .
A 1
1 ¢ N
’ F 1
1 ’ A
1
1 ’ A
| . -0.5 D 1
. ~ 1
1 . L S d
1 4 N
4 1
1 ’ L “ 1
1 ’
A 1
’
! . S 9 1
1 ’ N 1
1 ¢ N
4 r N 1
s N
[14 “

The style of the boundary is dashed because the boundary does not belong to the set (the set is open).
Re(z)
d—>1, Im(z)<2
| z-1]

We have the intersection of two regions so we have to use the And (&&) operator:
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Re[z]
Inf J:= ComplexReg'ionPlot[— >1 && Im[z] <2, {z,1/4-51, 10 +3 1}, Axes -» True,
Abs[z -1]
Frame -» False, AxesLabel -» {"Re(z)", "Im(z)"}, PlotStyle -» LightBlue,

BoundaryStyle - Dashed, AxesStyle -» Directive[Black, Arrowheads[{0.0, 0.03}] ]]

Im(z)
Zk’, .............................. 1
b 1
L 1
L4 1
’
’ 1
¢ [ 1
’ 1
’ [ 1
i 1
| 1
v 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 L3 Re(z)
' 4 6 8 ]
\
\ [ :
Outfs |= ‘\ 1
. [ 1
.
~ 1
~ F 1
- 1
- 1
-2~ “a 1
~
So 1
F Ss 1
Ss 1
~
L Ss 1
~~~~ 1
~al 1
S ~o 1
.~~‘ |
4+ See 1
S.L
~

we obtain the region interior to parabola y* = 2 (x - 1/2) but below the line y =2.

12, Sketch the following sets in the complex plane. Moreover determine if the set is open, closed, a
domain, bounded and connected.

a) 1< |z-1-i| <2

The command is again ComplexRegionPlot
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- ComplexRegionPlot[1l < Abs[z-1-1i] <2, {z, -2-214, 3+31}, Axes » True,
Frame -» False, AxesLabel » {"Re(z)", "Im(z)"}, PlotStyle -» LightGreen,
BoundaryStyle - Dashed, AxesStyle -» Directive[Black, Arrowheads[{0.0, 0.03}]]]

Outfs =

As one can easily see, the set is the interior of a circular ring and it’s open, connected (therefore a
domain) and bounded.

b) |Re(?) | >2

in-= ComplexRegionPlot[Abs[Re[Zz]] > 2, {z, 4}, Axes - True,
Frame -» False, AxesLabel -» {"Re(z)", "Im(z)"}, PlotStyle - LightRed,
BoundaryStyle - Dashed, AxesStyle -» Directive[Black, Arrowheads[{0.0, 0.03}]]]

Outfs J=

2+

----------."----------
®

In this case the set is open, not connected, not a domain and unbounded.
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13. Find all the values of the following roots and plot them in the Wessel-Argand plane. In case of

Infe ]:=

Outfs =

In[e ]:=

Outfs J=

Infe ]:=

Outfs =

Infe ]:=

Outfs =

Infe ]:=

outfs J=

Infs ]:=

Outfs =

roots of unity, verify that their sum is equal to 0:
a)ls

the simplest way to compute the roots is to use the Inline Free-form Input and write: = all third roots of
1

[] ComplexRoots [1, 3]

2irm

2in 2
{63,@, 3,1}

which is equivalent to call the ComplexRoots function from the Wolfram Function Repository

ResourceFunction["ComplexRoots"][1, 3]

2inm

2in _2ir
{f3,€ 3,1}

to convert the numbers into the algebraic form

% // ComplexExpand

1 i3 1 i3

{_§+ 2 T2 2 -

% // RootOfUnityQ

{True, True, True}

the above cell has been evaluated to confirm with Root0fUn+ityQ that the three
complex numbers are roots of unity. In this case let’s verify that their sum is zero using the function
Total

ResourceFunction["ComplexRoots"][1, 3] // ComplexExpand // Total
0

If one is interested in the exponential and polar forms of the numbers, it is available in the Wolfram
Function Repository the function ComplexToPolar

ResourceFunction["ComplexToPolar"] [#, All] & /e
ResourceFunction["ComplexRoots"][1, 3] // ComplexExpand

2r | 2 2
{ < | Exponential - e 3 X Polar - 1x [COS(—) +1i sin[— ]] | > S
3 3

27

R 2my o 27
<’Exp0nentlal — e\ 3/, Polar - 1x|cos| —— | +isin| ——
3 3

)

¢| Exponential - ¢, Polar - 1 x (cos(0) + i sin(0) | }

to obtain the Argand diagram let’s proceed as in Example 7. We obtain 3 points which are the vertexes
of an equilateral triangle:
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in- 1= Show[ComplexListPlot[ResourceFunction["ComplexRoots"][1, 3],
PolarGridLines » {Table[ (x/12) k, {k, 0, 24}], Table[k, {k, 1, 20}]1},
PolarAxes -» True, AxesLabel » {"Re(z)", "Im(z)"},

PlotStyle -» {Red, PointSize[Large]l}],
Table[Graphics|[
{Blue, Dashed, Line[{ReIm[Exp[i2sx n/3]], ReIm[Exp[i2x (n+1) /3]11}]}
1, {n, 0, 2}1]

7 Irrﬂz) 51T

2n 12 i 12 T

LS B A B4 B B B B B B B B

Outfs J=

1
b) is
In this case too, the roots are roots of unity

= radix = ResourceFunction["ComplexRoots"] [1, 6]

Sin 3in in Tin in in

Outfs = {@12,@4 ,e 12 ,e 12, e 4’@,12}

1= radix // ComplexExpand // RootOfUnityQ

ouf- ]= {True, True, True, True, True, True}

so let’s compute their sum as before

= radix // ComplexExpand // Total // Simplify

Out[» |= 0

the Argand diagram is made of 6 points which are the vertexes of a reqular hexagon inscribed in the
unit circle:
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ComplexListPlot[ResourceFunction["ComplexRoots"][i, 6],
PolarGridLines -» {Table[ (x/12) k, {k, 0, 24}], Table[k, {k, 1, 20}1},
PolarAxes -» True, AxesLabel » {"Re(z)", "Im(2)"},

PlotStyle -» {Blue, PointSize[Large]}],

Table[Graphics|[

{Red, Dashed, Line]

{ReIm[Exp[im /12] Exp[im n/3]], ReIm[Exp[imx /12] Exp[dixw (n+1) /3]11}]1}

1, {n, ©, 6}11]

7

1mlz) 57

i 12

w |3

LS B A B S B B B B B B A

Outfs =

3 7n

12

T T T

T

LA
\

T

197 3

12

3T

2

Alternatively we can solve the corresponding equation:

n - sols = SolveValues[z® =i, z] // PowerExpand[#, Assumptions » True] &

in in Sin Sin

3in

3in

Outfs = {—elz,elz,—@ 2,en2,—e4,e 4}

obtaining the same result:

1= Sort @ ComplexExpand @ radix == Sort @ ComplexExpand @ sols // Simplify

outf- 1= True
where Sort

c)(1+ i)é

In this case the cubic roots

has been applied to compare the two lists.

1= ResourceFunction["ComplexRoots"][1+ 1, 3]

3in Tin in
outf- J= {\6/5 e+, N2e n, \6/5@72}

are not roots of unity
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n-1= % // RootOfUnityQ

ou- - {False, False, False}

in--= ComplexListPlot[ResourceFunction["ComplexRoots"][1+1i, 3],
PolarGridLines » {Table[ (x/12) k, {k, 0, 24}], Table[k, {k, 1, 20}]},
PolarAxes -» True, AxesLabel » {"Re(z)", "Im(z)"},

PlotStyle -» {Orange, PointSize[Large]}]

7 Inﬂz) 57T
2

2r 12 i 12 T

Outfs |=

3 17 19 3

12 e 12

14. Find the first 15 terms of the following sequences of complex numbers

and check if the sequence is convergent or not.

It’s easy to find a list of terms using Table

n- 1= Clear [succ]

n-1

nf-= succ[n_] &=
n

n- = Table[succ[n], {n, 1, 15}]

i1 1 1
outf- J= {1,—,—-,— - ,-,—,——,——,—,—,——}
2 9 10 11 12 13 14 15

il

o | =.

i1
37 456 7
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- ComplexListPlot[Table[succ[n], {n, 1, 15}],
PolarGridLines » {Table[ (x/12) k, {k, 0, 24}], Table[k, {k, 1, 20}]},
PolarAxes -» True, AxesLabel -» {"Re(z)", "Im(z)"},
PlotStyle » {Red, PointSize[Medium]}, Joined » True]

7 Inﬂz) 57T

2r 12 12 T

Outfs |=
12 Y 12
let’'use DiscretePlot
J-ln+1 ]-ln+1
DiscretePlot|{Re|— |, Im|— {n, 50}
[{re[=]> ][]} tn, 503,
PlotLegends -» {"Re(z,)", "Im(z,)"}, PlotRange » {-1.2, 0.5}]
0.5
| 1 L 4 . . [ o ° I3 *
L 10 . oe 20° ° 50 ¢ °" a0 ) 50
: * Re(2)
Outfs ]=
r Im(z)
-05F
“1.0}e
graphically we see that both the real and imaginary parts approach 0. In fact
j.n+1
Inf- J:= L'im'it[ s N> oo]
n

ouf-1= 0
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: n+1
Infe J:= L'im'it[ReIm[ ] , N oo]
n
Outf+ |= {O, 0}
n-i"
) {—=1
\n
n- 1= Clear [succ]
n-ai"

m-1= succn_] =

An

n- = Table[succ[n], {n, 1, 15}]

{1 o3 3+ 3 5-i 7T T+i 7 ; i 11 11+¢ 11 13-¢ 15 15+u‘}
Out« J= T L, T s Ty T s T s T s T - 7 s s s s s
V2 43 2 45 N6 7 2420 3 Nio VI 243 Y13 V14 IS5

= DiscretePlot[{Re[succ[n]], Im[succ[n]]},
{n, 50}, PlotLegends » {"Re(z)", "Im(z)"}]

6

a e 11

L oo ¢ e Re(z)
ouf-}= | + |11

| Im(z)

IS B

o
-
o

20 30 40 50

the sequence is divergent

.. ph+d”
Inf+ J:= L1m1t[ , N —)oo]
n
Out[+ ]= ©0
L. n+i"
Infe J:= L1m1t[ReIm[ ], n- oo]
n

outf = {oo, 0}

b) {l+ (111’)"}

n- = Clear [succ]

1
mp= succn_] t=1- ——
(L+a)"



n-1- Table[succ[n], {n, 1, 15}]

I i i 5 i 59 i i 15 i 15

Out[« J= {_+_71+_a_+_s_’___’1__9___’_9
2 2 4 4 4 8 8 8 16 16 16
31 i i 65 @ 65 129 i i 255 i }
—— e, — i, — e — e — — — —
32 32 32 64 64 64 128 128 128 256 256

in- 1= ComplexListPlot[Table[{Labeled[succ[n], Subscrip
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t[z, n]1}, {n, 1, 15}],

AxesLabel » {"Re(z)", "Im(z)"}, PlotRange - All, GridLines -» Automatiic,
AxesStyle -» Directive[Black, Arrowheads[{0.0, 0.03}]1]1]

Im(z)

Out[+ |=

= DiscretePlot[{Re[succ[n]], Im[succ[n]]},
{n, 40}, PlotLegends » {"Re(z,)", "Im(z,)"}]

1.2

10k e ® % e eccesosescscsesesesescseeee

0.8
0.6
Outfs |=

0.4

0.2

-0.2

= Limit[succ[n], n - o]

outf+J= 1

* Re(z,)

Im(z,)

15. Show that the given sequence {z,} converges to a complex number L by computing the limits of

the real and imaginary parts.

=}

it’s easy to compute lim,_,., Re(z,)

1+

2
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Infe J:= L'im'it[Re[(l;i]n] , n—)oo]
out-}= 0

and lim,. Im(z,)

Infe J:= L'im'it[Im[(l;i]n], n—)oo]

outf-1= 0

2+ni
){n+2ni}
n- 1= Clear [succ]
2+ni
m-1= succn_] =

n+2ni

n-- DiscretePlot[{Re[succ[n]], Im[succ[n]]}, {n, 50},
PlotLegends » {"Re(z,)", "Im(z,)"}, PlotRange » {-0.8, 1.2}]

1.0
051 X TP
* Re(z,)
Outfs =
Im(z,)
" 1 1 1 1
10 20 30 40 50
-0.5F

From the plot we see that the real and imaginary parts approach two different complex numbers.
Both limits may be evaluated simultaneously with

2+n1

Infe J:= L'im'it[ReIm[ ] s N> oo]

n+2ni
Out[» |= {g, g}

2+n1i

Infe J:= L'im‘it[ s n—>oo]

nN+2ni

2 i
Outfe]= — + —

16. Determine whether the given geometric series is convergent or divergent. If convergent, find its
sum

= (1

2 5(;)

k=1

A geometric series is any series of the form
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convergent for | z| <1 and having for sum al(1 - z). To compute directly its sum the command is
Sum used in this case with the option GenerateConditions-»True

= Sum|[a z*, {k, 0, ©}, GenerateConditions - True]

a
ouf- = —— 1Tzl <1
1-z2

Alternatively to check the convergence it’s useful SumConvergence
- SumConvergence [a z*, k]
ouf-l= a=0V |zl <1

the first n terms of the geometric series may be computed as

Inf~ J:= Sum[a %, (k, 0, n—1}]
a(@-1)

Outfs =
z-1

= Limit[%, n - o]

a 1
Out[+]= | — a‘
z—1 z—1

eR Alog(z) <0

The above series is a particular geometric series (a =1 and z=i/2)

i k

Infe J:= SumConvergence[ -1, k]
2

Outfs = True

infact | i/2 | =1/2 < 1. Moreover the generic term tends to zero

i k

Inf- J:= L'im'it[(—] s k—)oo]
2

Out[+ |= 0

the partial sum is

Infe = Sum[(]—:]k, k, 1, n}]

2l

= Limit[%, n - o]

1 2
Outfe]|= —— + —
5 5

to compute directly the sum
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InfeJ:= Sum[(]—:]k, {k, 1, oo}]

1 2
outf+]= —— +—

5 5

or, using [t sum[et to enter ¥ and [cwd _ for the lower limit and then [w) % for the upper limit:

@ =\ k
1
ey [_]
k=1 2

1 2
ouf+]= —— + —
5 5

ratio test
(]_; ) n+1
()

Infe J:= L'im'it[Abs[ ] s N oo]

1
Outf+]= —
2

as the limitis less than 1 the series is absolutely convergent.
b) > (1-2)
k=0
prove immediately that it’s divergent
- Limit[(1-24)%, k> o]
ou- - ComplexInfinity

n - SumConvergence[ (1-2 1) kS k]
ou- - False
Infe J:= Sum[ (1-2 J'l.)k, {k, 0, oo}]

++«: Sum: Sum does not converge.

outfs = Z(l -2 u’)k
k=0

17. Given areal symbolic quaternion q find: the absolute value, the vector part, the conjugate
quaternion, the absolute value and the norm

Let’s first load the Quaternion Analysis Package
1= Clear ["Global »"]

n- 1= << QuaternionAnalysis’

SetCoordinates: —-- Message text not found —— ({X0, X1, X2, X3})

n-= g = Quaternion[Xe, X1, X2, X3]

ouf-]= Xg +1 X1 +7J X +k X3
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n-1= {Re[q], Vec[q]}
outl- = {xg, Quaternion(0, x;, x5, x3)}

1= Vec[q]

Outfs ]= ]IlX1+:|jX2+]kX3

n-= Conjugate[q]

Outfs ]= Xo—jxl—jXZ—]}{X3

n-1= Abs[q]

Outfs |= .X(z) + X% + X% + x%

1= AbsVec[q]

Outfs |= .X% + x% + X%

nf- 1= Norm[q]

Outf[+ ]= .X(z) + x% + X% + X%

n- 1= g %% Conjugate[q]
oul = Xg + X3+ X3 + X3

18.

19.

20.

21.

22,

23.

24,

25.

26.

27.

28.



