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E Take away

® (Quantum computers arrive
—How to write correct programs?
® Need specification and verification mechanisms
o parametrized

o largely automated
e \We are developing Qbricks as a first step towards this goal
o core building circuit language
O  circuit semantics
o high level specification framework
o proof engine
e Certified parametrized implementation of the Shor order finding algorithm (Shor-OF)
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m The hybrid model

ﬂt\ quantum co-processor (QPU), controlled by a classical \

computer
e classical control flow

e quantum computing requests, sent to the QPU

\—>structured sequenced of instructions: quantum circuits )
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Algorithm specifications

"

(Algorithm: Quantum order-finding \
Inputs: (1) A black box U, n which performs the transformation [ . . N
[7)|k) = |j)|z7k mod N), for = co-prime to the L-bit number N, (2) A SpeCIflcatlon preamble
t=2L+1+ [log (2+ £)] qubits initialized to |0), and (3) L qubsits initialized .
e el = Input parameters (size, oracle, etc)
Outputs: The least integer 7 > 0 such that 2" = 1 (mod N). m Functional correctness: Inputs-Outputs relation
Runtime: O(L?) operations. Succeeds with probability O(1). ) - Complexity number Of elementary Operatlons
Procedure: \ ’ )
1 10)]1) initial state
=
2. — — [7)11) create superposition
N 2 perp
1 2t—1 )
3 — ﬁ - ‘])‘l‘] mod N) apply Uz N
r—12¢—1
~ =l X917 | 5Y |us)
V2t 503
=i
4. L\/_ )3 |S/7 >|U > :E;E\t'ci;n'crse Fourier transform to first
5: — 97;‘ measure first register
6 I alppl): (}:lmltinucd fractions
algorithm

Shor-OF (from N & C, p. 232)
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Validation of quantum programs
/\

Inputs: (1) A black box U, x which performs the transformation
[9)[k) — |7)|27k mod AY), for z c().—y-)r_im.c to the L-bit number ;"\“"_ 2 qft_internal o [Ql.lblt] s> BYFRE [QUblt]
t=2L+1+ [log (2+ £)] qubits initialized to |0), and (3) L qubits qft_internal [] = return []
to the state |1). o

qft_internal [x] = do
Outputs: The least integer 7 > 0 such that 2" = 1 (mod N). hadamard x

Algorithm: Quantum order-finding

Runtime: O(L?) operations. Succeeds with probability O(1). return [X]
qft_internal (x:xs) = do
xs' <- gft_internal xs
Lo 1o initial state xs'' <- rotations x xs' (length xs')

Procedure:

i, 2! '
2 =2 create superpositon x' <- hadamard x
V2 g return (x':xs'')
RS , where
3 — —= |7)]27 mod N) apply Uz s 2
‘/2_’;“ . -- Auxiliary function used by 'qft'.
- rotations :: Qubit -> [Qubit] -> Int -> Circ [Qubit]
~ m;;” 13}l rotations _ [] _ = return []
S st apply inverse Fourier tran| rotations ¢ (q:qs) n = do
¥ *7%'“'”“-”) e gs' <- rotations c gs n
g % . q' <- rGate ((n + 1) - length gs) q ‘controlled’ ¢
. s measure firs register
apply continued fraction return (q':qs')
6 =T algorithm |

N

A specification preamble:

= |[nput parameters (size, oracle, etc)
= Functional correctness: Inputs-Outputs relation o :
m Complexity: number of elementary operations y

inverse(QFT (n))
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Validation of quantum programs

B ~

Algorithm: Quantum order-finding r

Inputs: (1) A black box U, x which performs the transformation
[7)|k) — |j)|2?k mod N), for  co-prime to the L-bit number N, (2
t=2L+1+ [log (2+ £)] qubits initialized to 0), and (3) L qubits
to the state |1).

Higher-order programming :

== |

Outputs: The least integer 7 > 0 such that 2" = 1 (mod N).

Runtime: O(L?) operations. Succeeds with probability O(1). PY Quantu m prog ram : I n putS — q uantu m Ci rCU itS

Procedure:

Lo e Quantum circuit : quantum data — quantum data

v I
7=0 \
w J

1 = VI ' 3 A T
= qﬁ.;nm!l e e - Auxiliary function used by 'qft'.
< — rotations :: Qubit -> [Qubit] -> Int -> Circ [Qubit]
¥ rz«§§” li)us) rotations _ [] _ = return []
L P rotations c (q:qs) n = do
i *W,ZQ:'S/"M“") A gs' <- rotations c gs n
5§ —ah TR q' <- rGaFe (gn + 1) - length gs) q “controlled’ c
6 it apply continued fraction return (q':qs')
3 algorithm |

\

A specification preamble:

» Input parameters (size, oracle, etc) o N
i ) ) inverse(QFT (n)) |
» Functional correctness: Inputs-Outputs relation i

m Complexity: number of elementary operations y
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Validation of quantum programs

Algorithm: Quantum order-finding r ‘

Inputs: (1) A black box U, x which performs the transformation

) e med 0, s coprime e Lt ¥, 07 Tnternal +: [ @ Specification: the circuit should meet the

t=2L+1+ [log (2+ £)] qubits initialized to 0), and (3) L qubits qft_internal [ ] =

e aft_internal [x] spec for any value of parameters

Outputs: The least integer 7 > 0 such that z” = 1 (mod N). hadamard x
Runtime: O(L*) operations. Succeeds with probability O(1). return [X] 1 1 _. i
e b xd @ Quantum programming is non-intuitive

L o e LA —High risk for bugs!

i, 2= '
2 =2 create superpositon x' <- hadamard
vE S return (x':xs'') ‘
L s , where
3. - — |7)]27 mod N) apply Uz s ;i
‘/2_‘;] o ! -- Auxiliary function used by 'qft'.
< — rotations :: Qubit -> [Qubit] -> Int -> Circ [Qubit]
~;t72;2;6 b} rotations _ [] _ = return []
I Siem apply inverse Fourier tran rotations c (q:gs) n = do
¥ “352;“””“9 e gs' <- rotations c gs n

q' <- rGate ((n + 1) - length gs) q ‘controlled’ c
return (q':qgs')

5 —s/r measure first register

apply continued fraction
algorithm |

6. =T

N

A specification preamble:

= |[nput parameters (size, oracle, etc) o

= Functional correctness: Inputs-Outputs relation T — -
m Complexity: number of elementary operations y ) )
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Validation of quantum programs

/_\ \

Algorithm: Quantum order-finding
Inputs: (1) A black box U, x which performs the transformation . . . .
I ek oo o e Lo Vo) [ofE Tnternal -2 1 @ Specification: the circuit should meet the
= og (2 + %) ] qubits initialized to [0), and (3) L qubits mqut internal [] =
to the state |1). =
ft_internal [x
Outputs: The least integer 7 > 0 such that 2" = 1 (mod N). B hgdamard X [ ] SpeC for any Value Of parameters
Runtime: O(L*) operations. Succeeds with probability O(1). return [X] 1 1 _. 11
aft_internal (xix e Quantum programming is non-intuitive
xs' <- gqft_inte o c
. o e ool —High risk for bugs!
1 5 1
2. —=—=> ) create superposition x' <- hadamard
VZ—',Zn‘ = return (x':xs'') )
15 . where
3. — — 27 mod N apply U x
JT;‘]W P e - Auxiliary function used by 'qft'.
z;ifﬁw/”u)\ug rotations :: Qubl‘E -> [Qubit] -> Int -> Circ [Qubit]
V2t e rotations _ [] _ = return []

(What about testing/assertion checking? Wﬁégigﬁ{gl‘)‘;ﬁkngth G5 B EEIEE i
e Destructive measurement : No —
means to control an execution
e Tests are expensive and often
\_ statistical

N

10)+

, ﬁ{puts relation e
L- Complexity: number of elementary operations y
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Validation of quantum programs

Algorithm: Quantum order-finding ( ‘

Inputs: (1) A black box U, x which performs the transformation

L T e 1 1] @ Specification: the circuit should meet the

to the state 3 L

S T Ty |l 1] spec for any value of parameters
el wd @ Quantum programming is non-intuitive
. o e ool —High risk for bugs!

PomE el I ik Y
¥ ﬁ%?ﬂ\j)\a:’ i b wheEeAuxiliary function used by 'qft'.

1 izl"/H ) rotations :: Qubit -> [Qubit] -> Int -> Circ [Qubit]
e =l rotations _ [] _ = return []

c (q:qs) n = do

ptations c qs n
hite ((n + 1) -
t:qsn)

(What about testing/assertion checking?
e Destructive measurement : No
means to control an execution
e Tests are expensive and often
statistical
\_

What about full formal verification?
e No need to execute
e unbounded state space
e absolute guarantee

' quts relatio
L m Complexity: number of elementary operations

v
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“ Qsricks / Description

= State of the art:

Circuit| | Parametrized Proof Complexity
automation || specifications
Path-sums (Univ. of Waterloo ) @ X @ X
SQIR(Univ. of Maryland) @ @ X could Collaboration with Benoit Valiron
QHL(Tsinghua univ.) X @ X X ®
Trade-off automation Vs parametricity ? (higher-order reasoning ) anrﬁgﬁgf_‘e’gﬁg‘é?‘z'c SoftQPRO
‘ QBRICKS | @ | @ ‘ 2 ‘ @ ‘

= Main characteristics

* Programming and validation (functional correctness + complexity) environment for
guantum programs
* Equipped with,
* parametricity, higher-order programming and scale invariance
» proof automation via first order reasoning techniques
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QBRICKS contributions

/o A programming, Spec and proof framework, Qbricks-DSL + \
Qbricks-Spec + HQHL, yielding first-order proof obligations

e A flexible symbolic representation for first order reasoning
about quantum states and transformations : Parametrized Path
Sums (PPS)

e Dedicated mathematical libraries, +14 kLoC

e Non trivial (Shor-OF, Grover, QPE, etc).

K Publicly available at https://gbricks.github.io/ /
Cods First Order

5> Why3
Circuit ’ SMT solvers
Semantics Proof C |
obligations ’ & CanES

embedding
Commissariat a I'énergie atomique et aux énergies alternatives Auteur 12 mars 2021 _
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m Programming framework: QBricks-DSL

a ® Functional programming + Why3 embedding E
e Circuit as objects — no cloning by construction
e Deductive verification — use of contracts (well
formedness + functional correctness + complexity)
e Unitary programs
\ Yy prog y
(o A minimal set of primitive functions \

o elementary gates
o compositions : parallel/sequence

o ancilla creation/anihilation

J

\_

1
derived high-level combinators: inversion, control,

([ J
gbit permutations, etc
e bounded iterations [essential trick] )
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m Verification

/ e Focus now on the formal verification part
o annotate code with contracts

o compilation — “proof obligations”

for all its possible input

\_

o PO proven — the program meets the contracts

~

J
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“Annotated code and deductive verif.

\

e provide absolute guarantees

e automate proofs

e industrial successes

e verify widespread languages (C, Java, Ocaml, etc)
U J
(Three main ingredients:

e operational semantics

e specification language
O proof engine )

JML

Software Analyzers
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ESymbolic representation: path-sums

Re(QFT.,) Im(QFT, )

Matrix semantics: QFT(64):

10y |z} initial state
1 1 2f-1
— — (F2158) create superposition _ .
EZ — = E |jY|x’ mod N)
- % D IDIx/mod Ny apy V2 =0
=
-~ o
- risi/r|; — —
. \/ZZ,ZAE 1)l 1 - pisir
15 apply inverse Fourier fors =z — E E e u
— 7 ; Is/rylusy ?fl:hye l;rslr:egisoter franstorm W / |_] ) | s)
— s/ Tieasure fifst register s=0 j=0
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“Symbolic representation: path-sums

Re(QFT,_ )

Matrix semantics: QFT(64):

10y uc) initial state

Im(QFT, )

s
-7 Z,;, 111

21
1
-7 D IDIx/mod Ny apy
=

r=12-1

1 2misi/r) i

= 2“ 20 Iy us)
= 5=
—
7
/7]

72‘%'“&

=
s

Y measure first register

—

=

2f—1

1 .
N Z |jY|x’ mod N)
Jj=0

r—1 2f—1

1 L
= D0 D e ) us)
-

s=0 j=0

Path-sum semantics[Amy 2019]: build language term

2r—1

1 :
PS: k) » — Y e?™kdg(k, j))

With instances of language variables: h
e r: int
e f: bitvec - bitvec - complex
® g: bitvec - bitvec - bitvec
U J
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( )
e Concise in practice
e Good compositional
properties
e But no parametricity
. J
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“ Our extension: parametrized path-sums

Parametrized circuits C(p ):

1 (K. :

e simple first-order modular reasoning upon each component
— — —
rC,p ’ fC,p ’ gC,p

e simple first-order composition rules

\_
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“ Qsricks /| Demonstration

Algorithm: Quantum phase estimation
(2) an eigenstate |u) of U with eigenvalue e
qubits initialized to |0).

Outputs: An n-bit approximation @, to ©,,.

with probability at least 1 — e.

2Py

Inputs: (1) A black box wich performs a controlled-U” operation, for integer j,
yand 3) t=n+ [log (2+ %)]

Runtime: O(#?) operations and one call to controlled-U’ black box. Succeeds

Procedure:

1. |0)|w)
1 2t—1

2 — — ) u
\/27; |5} |)

261

1 .
3. — — U7 |lu
2t—1

1 -
= T Z €104 |3} |u)

3=0
4. = |Pu) |w)

5 =i

initial state

create superposition

apply black box

result of black box

apply inverse Fourier transform

measure first register
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Specification preamble
* input parameters + preconditions
* post-conditions:
* functional
* complexity

Body
* sequence of quantum operations,
* intermediate system state postconditions
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Qsricks /| Demonstration

Decorated code

let function apply_black_box](circ:circuit)(k n:int)
(ghost y:matrix complex)(ghost theta:complex)

Functional programming
parameters -> quantum circuits
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Qsricks /| Demonstration

Decorated code

let function apply_black_box](circ:circuit)(k n:int)
(ghost y:matrix complex)(ghost theta:complex

requires{n=k+width circ}

requires{real_ theta} . .
e o sl e Functional programming
requires{is_a_ket_l y (n-k)} parameters -> quantum circuits

requires{eigen circ y (real_to_ang theta)}

ensures{width result = n}

ensures{ancillas result =0} s .
ensures{size result<=n+k*size circ} SpeC|f|cat|ons
e preconditions

ensures{path_sem result (kron (ket k 0)y) = . . .
(kron (pow_inv_sqrt_2 k *.. ket_sum (n_bvs k) complemty speaflcatlons
(fun x -> black_box_coeff theta x *.. (bv_to_ket x)) k) y)} * functional assertions

=|sequence (create_superposition k n) (black _box circ k y theta)l
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m Qsricks /| Demonstration

¢
»

Proof obligations generation, via Why3

v [ vC apply_black_box [VC for apply_black_box]
v & split_vc
» [ | 0 [precondition]
» [ [ 1 [precondition]
» [ [ 2 [precondition]

0009

» L[ 36 [precondition]
» [ 37 [postcondition]

(<J<

=)

LJ vc phase_estimation [VC for phase_estimation]
VC pe_measure [VC for pe_measure]

VC best_appr [VC for best_appr]

VC delta I'VC for deltal

2000

>
» &
» LJ
» Lf
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€ N 38 [postcondition]

interface

let function apply_black_box (circ:circuit)(k n:int)

(ghost y:matrix complex)(ghost theta:complex)
requires{n=k+width circ}
requires{real_ theta}
requires{0® < k < n}
requires{is_a_ket_1 y (n-k)}
requires{eigen circ y (real_to_ang theta)}

ensures{width result = n}
ensures{ancillas result =0}
ensures{size result<=n+k*size circ}

ensures{path_sem result (kron (ket k 0)y) =
(kron (pow_inv_sqrt_2 k *.. ket_sum (n_bvs k)
(fun x -> black_box_coeff theta x *.. (bv_to_ket x)) k) y)}

e

sequence (create_superposition k h) (black_box circ k y theta)

756 goal VC apply black box :

7571 path_sem result (kronecker (ket k 8) y)

75 = kronecker

75 (pow_inv sqrt 2 k

76 *.. ket sum 1 (n_bvs k)

76 (fun (x:bitvec) -> black box coeff theta x *.. bv_to ket x) k
76 y

76

Auteur



Qericks / Demonstration O

Proof support

» Interfaces
* calls to SMT-solvers
* interactive proof commands, to help SMT-solvers

» Output
* probation against complex case studies (% 6 vs SotA)
* high-level (95%) of automation, proof effort x 1/3 vs SotA

v &5 gpe.mlw

v | Phase_estim

» [ [ vC black_box_coeff [VC for black_box_coeff]

LJ vC cascade_cont_pow [VC for cascade_cont_pow]
L] vc apply_black_box [VC for apply_black_box]
L] vC phase_estimation [VC for phase_estimation]
L] vC pe_measure [VC for pe_measure]
LJ vC best_appr [VC for best_appr]
L] vc delta [VC for delta]
L] vC geom_sum_rewrite [VC for geom_sum_rewrite]
L vC geom_sum_bound [VC for geom_sum_bound]
L vC gpe_meas [VC for gpe_meas]

N 38 [postcondition]
v T— replace result (sequence (place (repeat_ ...
v [ ] 0 [postcondition]
& apply H25 >
v [ ] 1 [equality hypothesis]
8 Alt-Ergo 2.2.0

100000l
000000000000

vV vV V vV V vV VvV Vv V
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Dedicated mathematical libraries

Lines of code Lemmas Modules Definitions
Mathematics libraries 14695 1614 77 328
Sets 532 59 4 14
Algebra 2091 190 10 37
Arithmetics 538 77 4 7
Binary arithmetics 1778 189 8 42
Complex numbers 2226 344 15 57
Quantum data 3335 310 12 68
Exponentiation 843 100 4 4
lterators 861 72 6 30
Functions 259 33 3 8
Kronecker product 420 41 2 8
Unity circle 1812 199 9 53
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QgeRricks / Highlights

®

Chioch for
undatas

MAJOR ACHIEVEMENTS h

L a core development framework for parametrized An Automated Deductive Verification Framework
verified programming for Circuit-building Quantum Programs
® first ever verified Implementatlon of Shor order Christophe Chareton’*™, Sébastien Bardin®, Francois Bobot?,

Valentin Perrelle?, and Benoit Valiron®

finding algorithm (95% proof automation),
! LMF, CentraleSupélec, Université Paris-Saclay, Gif-sur-Yvette, France
y v firstname.lastname®lri.fr
Case studies: Compal'ed Complexlty 2 CEA, LIST, Université Paris-Saclay, Palaiseau, France

firstname.lastname@cea.fr

Lines of (Code + Specifications)

Abstract. While recent progress in quantum hardware open the door
for significant speedup in certain key areas, quantum algorithms are still

’ hard to implement right, and the validation of such quantum programs
0o 200 400 600 800 1000 1200 1400 is a challenge. In this paper we propose QBRICKS, a formal verification
environment for circuit-building quantum programs, featuring both para-
W Exclusive ® Non-exclusive metric specifications and a high degree of proof automation. We propose
a logical framework based on first-order logic. and develop the main tool
we rely upon for achieving the automation of proofs of gquantum specifi-
cation: PPS, a parametric extension of the recently developed path sum

Compared proof effort for shared case studies

Lines of specifications + Interactive commands

semantics. To back-up our claims, we implement and verify parametric

= DJ 5 e 3 S 2

oL versions of several famous and non-trivial quantum algorithms, including
QPE the quantum parts of Shor’s integer factoring, quantum phase estimation
Q (QPE) and Grover’s search.

= Grover

Keywords: deductive verification, quantum programming, quantum circuits

Qricks  Sqr QH
[ COMMUNICATION )
e 1 publication in a major conference (ESOP 2021)
e 1 book chapter under review
e 6 talks is specialized workshops
\. ® invitation to the 1st Dagstuhl seminar on quantum programs J
Col = : = Auteur 12 mars 2021 _



o ENTRIVIN

e \Verification system improvements
O more automation
o finer resource analysis tools
o error sensitivity evaluation (NISQ)
e Formally verified circuit transformations
o to/from alternative computing models (MBQC/ZX)

o  optimization

o error correction
® Language design
o integration in hybrid programming

o interface with widespread programming languages

. . . . . . Laboratoire M éthodes Formelles
o interface with further intuitive specification languages UM sz
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E Challenges for quantum program verification

4 N

e non standard theories (probabilities, complex numbers, kronecker

product, etc)
e double layer programming paradigm: higher-order functions

parametrized programming < automated proof support

o /
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