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Goal This document aims to provide extra information about the method
for beam convolution with non-ideal HWPs described in [I]. We will focus
on the code implementation.

General note on “spin” formalism versus F-, B-mode formalism In
essence, the harmonic convolution method evaluates the following expression
to produce time-ordered data:
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The ¢ fo, coefficients obey the “reality condition”:

(sffm)* = —sff—m(_1)8+m- (2)

Equivalently, they are the spin-weighed SH coefficients of spin-weighted fields
that obey (sf)* (0,¢) = _sf(0,¢). This follows from the requirement that
d; is real.

In cases with a spin-0 beam and sky we have:

sfﬂm - bfs Ao - (3)

In this case the reality condition is clearly met:

(sf@m)* == blfs a€7m<_1)s+m ) (4)
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In cases with a spin-2 beam and sky we have:

(—2bes 2aem + 2bes —2aem,) - (6)
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In this case the reality condition still holds:
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But note that the reality condition does not hold for the individual terms.
By making use of the following relations:

—2T¢m = _<xZEm - 1$ZBm) ) (9)
2Tpm = _<xZEm + leBm) ) <10)

we can rewrite the spin-2 case in terms of the F- and B-mode coefficients of
the beam and sky:

1
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= by, afy, + by, agy, - (12)

Note that the reality condition now holds for both terms independently since

we have (:EeEnéB)* = $ffﬁ(—1)m.

Note on the implementation in beamconv In beamconv Eq. is evalu-
ated in two different ways depending on whether the , fs,, coeflicients consist
of spin-0 beams/skies or spin-2 beams/skies.

For the first case, i.e. when g fs,, = bys agm, we make use of the fact that
Eq. can be written as:

Smax

dy = of (01, ¢e) + Z of O, $e)e P+ f (01, dr)e™ (13)
>0

Smax

= 0f (01, ¢) + Y Re |[of (B d)e "] | (14)

s>0
where:

emax

l
SO =D > fomsYem (01, 1) (15)

=0 m=—¢

Eq. is calculated for s > 0; the resulting (complex) maps are plugged into
Eq. where they are modulated by the complex exponential exp(—isty)
before the real part is taken.



For the second case, i.e. when s f,, = (—2bss 2aem + 2bes —2a4,) /2, beamconv
evaluates Eq. by instead using s f},, = —2bss 2a¢m. These are the coeffi-
cients of a field s (6, ¢) that does not obey the reality condition: (sf’)* (0, ¢) #
_sf'(0,9). As a result, the maps in Eq. have to be computed for
—Smax < S < Smax- They are inserted into Eq. without making use
of the trick in Eq. [I4] The result is still real, so d; is still real valued.

In retrospect this seems an overly complicated method because it does
not match well with 1libsharp, which does not support SH transforms for
fields that do not obey the reality condition. As a result, beamconv has to do
some relatively opaque operations to achieve the transforms for these fields.

Data model with non-ideal HWPs The data model is given by Eq. (11)
in [1].
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Here, «; is the time-dependent HWP angle.

Frequency passband We start with the integral over frequency and the
frequency passband F'(v):

dy = /dyF(u)(...)t(u) g (17)

In the code this integral is replaced by a sum over approximately 10 frequency

subbands:

dy = zNj AVF(V)(...)t(u) . (18)

v=1g

To produce the final time-ordered data, we thus have to compute the con-
volution for each frequency subband and add the result to a single array
of time-ordered data. In the current version of beamconv the time-ordered
data for each subband is also mapped onto the sky before all subbands are
combined. This is valid because our map-making scheme is linear, but it is
wasteful and should ideally be avoided.



Convolution of the Stokes I sky Let us focus on the part of the data
model describing the coupling to the Stokes I component of the sky:
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The SH coefficients of the beam béis (v, aq) are given in Eq. (15) of [I]. For
the present discussion the detailed expressions are not important (they are
derived later in this document), the important part is that the coefficients
can be written as:
i To I 1 Vi, VI
by (vy0n) = by (v) + by (V)

Re(B,,P* 1)( ) (20)

+ by, cos(2ay) + b, v)sin(2ay) .

The first two elements on the right hand side of the equation describe
the coupling between the Stokes I and V beam of the instrument and the
II and VI elements of the HWP Mueller matrix, respectively. These are
coefficients of real-valued spin-0 fields, so the usual symmetry relations hold.

For efficiency, the combination be? )+ bvb’VI(u) can be treated as a single
set of SH coefficients during the convolution.

The last two elements on the right hand side of the equation describe
the coupling between the P beam and the P*I element of the HWP. These
are both complex fields, but the coupling can be separated into the real and

P,,P*I Im(P,,P*1 .
o(Fo,P"1) o nd bgrsn( b 0) Coefficients

imaginary parts of the coupling. The be s
are both SH coefficients of real-valued spin-0 fields, so they can be treated in
the usual case. The modulation by «; can be applied after the time-ordered
data is generated. For example, the contribution to the total time-ordered
data from the Re(ﬁb,P*I ) term would be given by (ignoring the integral

over v for simplicity):

Re(Py,P*T) _ Re(P,P*1) dm ois
d, > b, a1 s Yum(0n, &) | cos(day).
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Note that that the term inside the brackets does not depend on the HWP
angle a. The cos(4a;) modulation can be done after the time-ordered data
inside the square brackets have been generated.



Convolution of the Stokes V sky This is completely analogous to the
case for the Stokes I sky (just swapping I for V). The data model is given

by:
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with coefficients that can be written as:
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Convolution of the Stokes (), U sky The part of the data model that
describes the coupling to the Stokes () and U part of the sky is given by:
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The SH coefficients of the beam gbzs (v, o) are given by Eq. (16) in [I]. We

can divide the coefficients into 4 parts again:

X

7(0) X
QbZi (V at) —leb’IP(V) —2io + be7VP( )67210“

(25)
+ bP b7P P( ) 741at +2be7PP(V).
PO
The coefficients of the Qbe & (v, a4) are similar:
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If we combine with the igaf coefficients, we thus get 4 different terms:
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Note that the coefficients that describe the coupling between the I beam

and the HWP and the V beam with the HWP can treated as a single set of

T, L W,VP . .
coefficients: _ob,>’ —2b,>" " and similar for the +2 versions.

The s fom Coefﬁ(nents in Eq. - all obey the reality condition and
thus they can be treated in a similar way as the usual case for @, U beams
and skies. The last line, Eq. , is exactly the same as the usual case. For
the first three lines we have to take care of the oy terms. As explained earlier,
in beamconv these terms are handled by only considering the first term, e.g.

b]b’]P ., and treating the resulting complex field that does not obey the
reahty condition. In this case it is straightforward to apply the complex
exponential after the complex time-ordered data have been generated.

For the case where the E- and B-mode coefficients of the beam and sky
are used Eq. - can be rewritten as follows:

Lo IP _ bE I IP B os(2ay) + bfﬂbeP B cos(2ay)

m m s (31)
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Again, the oy modulation can be applied after the time-ordered data for each
term is generated.

Computing the HPW + beam SH coefficients We now focus on
computing the spherical harmonic coefficients of the product of the I, P and
V beams with the different elements of the HPW Mueller matrix. These are
the coefficients that are needed to compute Eq. and Eq. .

We start by transforming the HWP Mueller matrix Mywp using the
complex transformation:

C = TMywpT', (35)



where:
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The advantage of this representation is that the elements of C transform as
spin-weighted fields under rotations.

The second ingredient we need is a way to represent a tensor product
of two spin-weighted spherical harmonics as a direct sum of a single spin-
weighted spherical harmonic:

£+l L3
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l3=|l1—Ll2| m3=—L3 s3=—/L3 (37)
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We start with the terms that make up Eq. . They are given in
Eq. (15) of [1]:
0

b (v,a) = /S () |17 () Cr(v)
+ VO, v)Cy s (v) (39)
+vV2Re (ﬁgm(ﬁ, y)cpq(y)e—m)} Yi (h),
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+b, cos(2ay) + b, sin(20y) .

Lets go through the individual terms:
1. I~b(0)(f1, v)Crr(v) is a product of the I beam: I~b(0)(f1, v) and the IT
component of the complex HWP matrix (which for IT is the same as

the normal real-valued Mueller matrix). Decomposing both quantities
into spherical harmonics yields:

EOW)Cr = 3" 7 bl el Yo (0) Yoy, (). (41)

£1,mq £2,m2



This is valid because both are spin 0 quantities. Now we use Eq.
and make use of the fact that we model the 11 element of the HWP as
a monopole, i.e. c%l = V4rCr100,00m,0:

INtSO)(fl)CII = VA4rCyy Z Z Oty T\t
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In the first step we have used the triangle constraint of the 3-j symbols.
In the second step, we have used:

0 0\ (-nHm
<m 0 m>‘ NS (46)

Plugging in this result then yields:

e TR ()
S2
= [ A2 3 o, (@Y Vi), (48)
£1,my
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which is of course what we expected for this simple case.

2. The vb(o)(ﬁ, v)Cy(v) case is completely analogous to the previous
case. One finds that bysb’w = CVIng-

3. The ﬂRe(ﬁéo)(ﬁ, V)CP*I(V)e_Qi"‘> case is a bit more complicated.



We start by writing:

\fRe(P(O)( )Cp«re 210‘) — (p(o)( )Clpere™ 2y
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Lets calculate the SH coeflicients for the first term:
1 ~ 1
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We note that ]5]50) is spin 2 and that Cp«; is spin -2. Furthermore, we
assume that C'p«; has no spatial variation (just like we did above where
we assumed that C7; was described by a monopole). A constant spin
-2 field cannot be a monopole but must proportional to exp 2i¢ near
the north pole of the spherical coordinate system (see Eq. (31) in [2]),
so we assume that we can decompose Cp+; into SH coefficients that
are nonzero only for m = 2: Cp«; = Y, cp22Ys2. We can therefore
write:

7210(
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/ / ZII (52)
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672ia
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Now we use the approximation from Appendix G from [3]: we note
that cyrg peaks at £” = 2. The triangle constraint of the 3-j symbols
thus constrains ¢’ to be very close to £. This means that we can safely
move gbfm_Q outside the sum over ¢ (assuming that gbfm_Q is slowly
varying with ¢/, i.e. a narrow beam) and that we can approximate the



prefactor of Jps,” as (20 + 1)v/20" +1/v/4r. This yields:

—2ia /241/ 1
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Then, using Eq. (C9) from [3], this can be written as:

e—?ia ~ 20" +1
bé’m ~ WQbfm_Q Z CENQW . (56)

e/l
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Finally, in Appendix G from [3] it is shown that )",/ cprov/20" + 1/ 47
is very close to Cp~;. So we end up with:

—2iac <

e
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The same derivation can be applied to the second term, giving:

1 L 52(0) Sk [
b = 7 e dQ(h) P, (A)Cpre® Yy, (f), (58)
eQia =
~—— obt,  Cpr. 59
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The SH coefficients corresponding to v/2Re (ﬁéo)(ﬁ, u)C’p*I(y)e_Qia)
are thus approximately given by:

/Sng(ﬂ) [\/iRe (ﬁéo)(ﬁ, V)CP*I(V)efma)}YZ;(ﬁ)

(60)
1 —2i p 2 P
— ﬁ<e “2bp_o Cper + €7 _2by,, 1o CPI) . (61)

Which satisfy the symmetry relation for the SH coefficients of a real-
valued field. We can also write this as:

1 oy 5
b%m + b?m = [008(204) (_gbfm+2Cp1 + Qbfm_QC'pq

V2

_ _ (62)
isin(2a) (—2bﬂ+2CPI - 2bfm—20P*I)] ;
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Re(P,,P*I)

which means that we have found the expressions for b,, and
b?sn(Pb’P*I) in Eq. and Eq. (40):
- 1 . _
protPe P 7 (—2bfm+2 Cpr + 2bjm—2 CP*I) : (63)
5 pe i ~ _
bt P 7 (—2bfm+2 Cpr — 2bjm—2 CP*I) - (64)

Here, _ng; 4o and Qbfm_Q are the spin-weighed spherical harmonic
coefficients of the normal (i.e. no HWP) @ — iU and C,j + iU beams
respectively, while C'p~; and Cp; are elements of the complex HWP
Mueller matrix.

We now turn our attention to the SH coefficients that make up Eq. .
We will not repeat the above derivation, we can obtain the result by swapping
the I and V indices in the appropriate places. We obtain:

bg’lv = 0l.Crv, (65)
bV =vl.ovy, (66)
Re(P,,P*v) _ 1 P p
by =5 (*2b€m+2 Cpv + 2bp, 2 Cp v) ; (67)
(P, P7v) _ 1 (P _ P ) )
bys =5 (*2b€m+2 Cpv = 2bpy o Cpev ) - (68)

Now we move on to the SH coefficients in Eq. . Again, the derivation
is so similar that I do not want to repeat it, the only new things are realizing
that Cpp+ and Cp+p are spin -4 and 4 respectively and that Cpp and Cp«p«
are both spin 0. I also found a mistake in our paper unfortunately: the SH
coefficients in Eq. (16) should be:

p0) ~ .
oby (v,a) = / aQ(i) |1 (8, v)Crp(v)v2e 20
52
+ V0, v)0y p(v) V220
+ B (0, 0)Cpep(v)e o
+ P (8,0)Crp(v) |2V (1),

(69)

(I accidentally swapped around ]Sb(o) and ﬁb(o)*). Using the correct expression

11



we obtain:

by’ = V2C1p by (70)
bV =20y p Y, Ly (71)
PP Cpap bl (72)
b FE = Cppobl (73)
and similarly, the coefficients in Eq. are given by:
bt = V20 b s, (74)
b VP =2y pe b, (75)
by = Cppeabl, 4 (76)
b Cpape obE (77)

These can be converted to the ¥ and B harmonic modes used in Eq. —
by making use of Eq. @—.
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